Abstract. The notion of an enlarged p-ideal and a fuzzy p-ideal in BCIalgebras with degree are introduced. Related properties of them are investigated.
Introduction
The concept of a fuzzy set is applied to generalize some of the basic concepts of general topology ( [1] ). Rosenfeld ([6] ) constituted a similar application to the elementary theory of groupoids and groups. Xi ([7] ) applied to the concept of fuzzy set to BCK-algebras. Y. B. Jun and J. Meng ( [4] ) introduced of fuzzy p-ideals in BCI-algebras and studied their properties.
In this paper, we introduce the notion of an enlarged p-ideal and a fuzzy p-ideal in BCI-algebras with degree. We study related properties of them.
Preliminaries
We review some definitions and properties that will be useful in our results. By a BCI-algebra we mean an algebra (X, * , 0) of type (2,0) satisfying the following conditions:
(a1) (∀x, y, z ∈ X)(((x * y) * (x * z)) * (z * y) = 0), (a2) (∀x, y ∈ X)((x * (x * y)) * y = 0), (a3) (∀x ∈ X)(x * x = 0), (a4) (∀x, y ∈ X)(x * y = 0, y * x = 0 ⇒ x = y). If a BCI-algebra X satisfies the following identity:
(a5) (∀x ∈ X)(0 * x = 0), then X is called a BCK-algebra.
In any BCI-algebra X one can define a partial order "≤" by putting x ≤ y if and only if x * y = 0.
A BCI-algebra X has the following properties:
A non-empty subset S of a BCI-algebra X is called a subalgebra of X if x * y ∈ S whenever x, y ∈ S. A non-empty subset A of a BCI-algebra X is called an ideal of X if it satisfies: (c1) 0 ∈ A, (c2) (∀x ∈ A)(∀y ∈ X)(x * y ∈ A ⇒ x ∈ A). Note that every ideal A of a BCI-algebra X satisfies:
A non-empty subset A of a BCI-algebra X is called a p-ideal ( [9] ) of X if it satisfies (c1) and (c3) (∀x, y, z ∈ X)((x * z) * (y * z) ∈ A and y ∈ A ⇒ x ∈ A). Note that any p-ideal is an ideal, but the converse is not true in general.
We refer the reader to the book [2] for further information regarding BCIalgebras.
A fuzzy subset µ of a BCK/BCI-algebra X is called a fuzzy ideal
(∀x, y ∈ X)(µ(x) ≥ min{µ(x * y), µ(y)}). A fuzzy subset µ of a BCI-algebra X is called a fuzzy p-ideal ( [4] ) of X if it satisfies (d1) and (d3) (∀x, y, z ∈ X)(µ(x) ≥ min{µ((x * z) * (y * z)), µ(y)}.
Fuzzy p-ideals of BCI-algebras with degrees in the interval (0, 1]
In what follows let X denote a BCI-algebra unless specified otherwise.
Definition 3.1 ([5]
). Let I be a non-empty subset of a BCK/BCI-algebra X which is not necessary an ideal of X. We say that a subset J of X is an enlarged ideal of X related to I if it satisfies:
(1) I is a subset of J,
(∀x ∈ X)(∀y ∈ I)(x * y ∈ I ⇒ x ∈ J).
Definition 3.2. Let I be a non-empty subset of a BCI-algebra X which is not necessary a p-ideal of X. We say that a subset J of X is an enlarged p-ideal of X related to I if it satisfies:
(1) I is a subset of J, (2) 0 ∈ J, (3) (∀x, y, z ∈ X)((x * z) * (y * z) ∈ I and y ∈ I ⇒ x ∈ J).
Obviously, every p-ideal is an enlarged p-ideal of X related to itself. Note that there exists an enlarged p-ideal of X related to any non-empty subset I of a BCI-algebra X. 
, a, b}, and c / ∈ {0, a, b}.
Theorem 3.4. Let I be a non-empty subset of a BCI-algebra X. Every enlarged p-ideal of X related to I is an enlarged ideal of X related to I.
Proof. Let J be an enlarged p-ideal of X related to I. Putting z := 0 in Definition 3.2(3), we have (∀x, y ∈ X)((x * 0) * (y * 0) = x * y ∈ I and y ∈ I ⇒ x ∈ J).
Hence J is an enlarged ideal of X related to I.
The converse of Theorem 3.4 does not true in general as seen in the following example. Note that {0, 1, 3} is not both an ideal and a p-ideal of X. Then {0, 1, 2, 3} is an enlarged ideal of X related to {0, 1, 3} but not an enlarged p-ideal of X related to {0, 1, 3} since (4 * 4) * (3 * 4) = 0, 3 ∈ {0, 1, 3} and 4 / ∈ {0, 1, 3}.
In what follows let λ and κ be members of (0, 1], and let n and k denote a natural number and a real number, respectively, such that k < n unless otherwise specified.
Definition 3.6 ([5])
. A fuzzy subset µ of a BCK/BCI-algebra X is called a fuzzy ideal of X with degree (λ, κ) if it satisfies:
(1) (∀x ∈ X)(µ(0) ≥ λµ(x)), (2) (∀x, y ∈ X)(µ(x) ≥ κmin{µ(x * y), µ(y)}).
Definition 3.7. A fuzzy subset µ of a BCI-algebra X is called a fuzzy p-ideal of X with degree (λ, κ) if it satisfies:
Note that if λ = κ, then a fuzzy p-ideal with degree (λ, κ) may not be a fuzzy p-ideal with degree (κ, λ), and vice versa. Then µ is a fuzzy p-ideal of X with degree ( ), but it is neither a fuzzy p-ideal of X nor a fuzzy p-ideal of X with degree ( Obviously, every fuzzy p-ideal is a fuzzy p-ideal with degree (λ, κ), but the converse may not be true. In fact, the fuzzy p-ideal µ with degree ( 5 7 , 4 7 ) in Example 3.8 is not a fuzzy p-ideal of X. Note that a fuzzy p-ideal with degree (λ, κ) is a fuzzy p-ideal if and only if (λ, κ) = (1, 1). If λ 1 ≥ λ 2 and κ 1 ≥ κ 2 , then every fuzzy p-ideal with degree (λ 1 , κ 1 ) is a fuzzy p-ideal with (λ 2 , κ 2 ), but the converse is not true as shown by Example 3.8.
Proposition 3.9. If µ is a fuzzy p-ideal of a BCI-algebra X with degree (λ, κ), then µ is a fuzzy ideal of X with degree (λ, κ).
Proof. Put z := 0 in Definition 3.7(2).
The converse of Proposition 3.9 is not true in general as seen the following example.
Example 3.10. Consider a BCI-algebra X and a fuzzy subset µ as in Example 3.8. It is routine to check that µ is a fuzzy ideal of X with degree ( Proposition 3.11. If µ is a fuzzy p-ideal of a BCI-algebra X with degree (λ, κ), then the following hold:
Proof.
(1) Let x, y ∈ X be such that x ≤ y. Then x * y = 0. Putting z := 0 in Definition 3.7(2) and using (b1), we have
(2) For any x ∈ X, we have
Theorem 3.12. If µ is a fuzzy p-ideal of a BCI-algebra X with degree (λ, κ), then the following hold:
(∀x, y, z ∈ X)(µ((x * z) * (y * z)) ≥ κλµ(x * y)).
Proof. Let x, y, z ∈ X. Using (a1) and (b2), the inequality (x * z) * (y * z) ≤ x * y holds. By Proposition 3.11(1), we have µ((x * z) * (y * z)) ≥ λκµ(x * y). This completes the proof.
Theorem 3.13. Let µ be a fuzzy ideal of a BCI-algebra X with degree (λ, κ). If µ satisfies µ(x * y) ≥ µ((x * z) * (y * z)) for all x, y, z ∈ X, then µ is a fuzzy p-ideal of X with degree (λ, κ).
Proof. For any x, y, z ∈ X, we have
Thus µ is a fuzzy p-ideal of X with degree (λ, κ).
Lemma 3.14. Let µ be a fuzzy ideal of a BCI-algebra X with degree (λ, κ).
Proof. For any x ∈ X, we have
Theorem 3.15. Let µ be a fuzzy ideal of a BCI-algebra X with degree (λ, κ) satisfying
Then µ is a fuzzy p-ideal of a BCI-algebra X with degree (λ, κ).
Proof. Let x, y, z ∈ X. Using Lemma 3.14, (b7) and (b8), we have
By Theorem 3.13, µ is a fuzzy p-ideal of X with degree (λ, κ).
Denote by I(X) and I p (X) the set of all ideals and p-ideals of a BCIalgebra X, respectively. Note that a fuzzy subset µ of a BCI-algebra X is a fuzzy p-ideal of X if and only if (∀t ∈ [0, 1])(U (µ; t) ∈ I p (X) ∪ {∅}).
But we know that for any fuzzy subset µ of a BCI-algebra X there exist λ, κ ∈ (0, 1) and t ∈ [0, 1] such that (1) µ is a fuzzy p-ideal of X with degree (λ, κ), Then µ is a fuzzy p-ideal of X with degree (0.6, 0.7). If t ∈ (0.6, 0.7], then U (µ; t) = {0, 1} is not a p-ideal of X since (a * 1) * (0 * 1) = 0 ∈ {0, 1} and a / ∈ {0, 1}.
Theorem 3.17. Let µ be a fuzzy subset of a BCI-algebra X. For any t ∈ [0, 1] with t ≤ max{λ, κ}, if U (µ; t) is an enlarged p-ideal of X related to U (µ; t max{λ,κ} ), then µ is a fuzzy p-ideal of X with degree (λ, κ).
Proof. Assume that µ(0) < t ≤ λµ(x) for some x ∈ X and t ∈ (0, λ]. Then µ(x) ≥ t λ ≥ t max{λ,κ} and so x ∈ U (µ; t max{λ,κ} ), i.e., U (µ; t max{λ,κ} ) = ∅. Since U (µ; t) is an enlarged p-ideal of X related to U (µ; t max{λ,κ} ), we have 0 ∈ U (µ; t), i.e., µ(0) ≥ t. This is a contradiction, and thus µ(0) ≥ λµ(x) for all x ∈ X. Now suppose that there exist a, b, c ∈ X such that µ(a) < κmin{µ((a * c) * (b * c)), µ(b)}. If we take t := κmin{µ((a * c)
t max{λ,κ} ). It follows from Definition 3.2(3) that a ∈ U (µ; t) so that µ(a) ≥ t, which is impossible. Therefore
for all x, y, z ∈ X. Thus µ is a fuzzy p-ideal of X with degree (λ, κ).
Corollary 3.18. Let µ be a fuzzy subset of a BCI-algebra X. For any t ∈ [0, 1] with t ≤ k n , if U (µ; t) is an enlarged p-ideal of X related to U (µ; n k t), then µ is a fuzzy p-ideal of X with degree ( k n , k n ). Theorem 3.19. Let t ∈ [0, 1] be such that U (µ; t)( = ∅) is not necessary a p-ideal of a BCI-algebra X. If µ is a fuzzy p-ideal of X with degree (λ, κ), then U (µ; tmin{λ, κ}) is an enlarged p-ideal of X related to U (µ; t).
Proof. Since tmin{λ, κ} ≤ t, we have U (µ; t) ⊆ U (µ; tmin{λ, κ}). Since U (µ; t) = ∅, there exists x ∈ U (µ; t) and so µ(x) ≥ t. By Definition 3.7(1), we obtain µ(0) ≥ λµ(x) ≥ λt ≥ tmin{λ, κ}. Therefore 0 ∈ U (µ; tmin{λ, κ}).
Let x, y, z ∈ X be such that (x * z) * (y * z) ∈ U (µ; t) and y ∈ U (µ; t). Then µ((x * z) * (y * z)) ≥ t and µ(y) ≥ t. It follows from Definition 3.7(2) that µ(x) ≥ κmin{µ((x * z) * (y * z)), µ(y)} ≥ κt ≥ tmin{λ, κ}, so that x ∈ U (µ; tmin{λ, κ}). Thus U (µ; tmin{λ, κ}) is an enlarged p-ideal of X related to U (µ; t).
